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Abstract. The vibration exciter is a structural component of a vibration machine, regardless of its 
technological application, that determines the operating mode of the machine. This paper presents 
the structural design of a controlled mechanical exciter of circular translational vibrations 
equipped with two unbalanced shafts. The operating principle of the proposed exciter is described. 
A mathematical model of the dynamic action of the exciter on the processed medium is developed, 
defining the dependence of the generated excitation on the rotation angle of the movable 
unbalanced masses relative to their initial positions.  
Keywords: controlled mechanical centrifugal unbalance vibration exciter, moving unbalance, 
dynamic action, mathematical model, dynamically balanced and unbalanced states of the vibration 
exciter, circular translational vibrations. 

1. Introduction 

In various fields of human activity, technological machines are often an integral part of 
production processes. The vibration-induced action on the processed medium in them constitutes 
the basis, and in some cases the only feasible means, of carrying out the respective process. For 
many years, vibration machines and associated technologies have been used to perform a wide 
range of operations, including: (a) removal and rounding of burrs from sharp edges of various 
components; (b) vibration-assisted hardening and stabilization treatment; (c) grinding and 
polishing; (d) combined finishing and coating processes; (e) surface finishing to achieve a 
marketable appearance; (f) compaction or loosening of the processed medium; (g) comminution 
of solid materials; (h) separation of bulk materials according to size, shape, density, or coefficient 
of friction; (i) conveying; and other processes. 

In certain production applications, such as forming, separation, or tumbling, there is a 
technological need to generate a vibration-induced action that causes all material elements of the 
processed medium to move within certain parallel planes while following non-rectilinear 
trajectories. To meet this requirement, the authors propose the use of a developed and 
experimentally investigated design of a mechanical exciter of circular translational vibrations. 

2. Analysis of recent research and publications 

A review of various sources devoted to the issue of generating a vibration action on a particular 
processed medium (and controlling this action) shows that this area of research is developing quite 
actively. 

A considerable body of recent research has focused on vibratory conveying systems. Schiller, 
Perchtold, and Steiner [1] developed a nonlinear dynamic model of a vibratory conveying system 
based on continuous contact in the vertical direction and frictional interaction in the horizontal 
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direction. Their results demonstrated that nonlinear effects may lead to multiple conveying 
velocities under identical excitation amplitudes, highlighting the importance of the detailed 
dynamic characteristics of the vibration source. In a subsequent study, Schiller, Steiner, and 
Schagerl [2] extended the classical bouncing-ball model to vibratory conveying and analyzed 
phenomena such as microthrows and multiple feeding velocities. These studies demonstrate that 
the trajectory and acceleration characteristics of the vibrating surface have a direct influence on 
the transport regime of the processed material. 

The influence of vibration trajectory is particularly evident in screening and separation 
processes. Duan et al. [3] investigated a variable elliptical vibrating screen and demonstrated that 
modifying the elliptical trajectory along the screening surface can improve particle distribution 
and screening performance compared with conventional linear excitation. Chen et al. [4] used the 
discrete element method combined with optimization procedures to investigate the influence of 
vibration parameters on the performance of an elliptical vibrating screen. Their results indicate 
that the vibration parameters should be selected by considering both screening efficiency and 
material conveying velocity. 

Recent studies have focused on the mechanical generation and control of planar vibration 
trajectories. Korendiy et al. [5] demonstrated that the parameters and phase relationship of 
unbalanced rotors in a coaxial inertial exciter determine the resulting elliptical motion, while 
forced kinematic synchronization ensures stable operation. A twin crank-type exciter developed 
by the same authors [6] enabled rectilinear, elliptical, and circular trajectories through appropriate 
mechanism geometry and phase adjustment. Similar principles were applied to planetary-type 
exciters, whose geometric and kinematic parameters can be tailored to generate various 
trajectories [7]. 

Further development led to trajectory-oriented synthesis of planetary exciters [8], allowing 
circular, elliptical, straight-line, and hypotrochoidal motions to be obtained by selecting the gear 
ratio, eccentricity, carrier-arm length, and phase angle according to the desired trajectory. More 
recently, a dual phase-controlled crank-slider system was proposed for generating and 
continuously adjusting rectilinear, elliptical, and circular trajectories by combining two orthogonal 
translational excitation components [9]. These studies demonstrate the potential of mechanically 
controlled, phase-dependent excitation for flexible generation of prescribed vibration trajectories. 

Consequently, the analysis of the recent literature indicates that the generation and control of 
circular and other non-linear vibration trajectories is an actively developing research area. 
Nevertheless, there remains a need for comparatively simple mechanical exciters capable of 
producing controlled circular translational vibrations of the working body. This is especially 
important when the technological process requires simultaneous multidirectional action on the 
processed medium while maintaining the parallel orientation of the working surfaces. 

As defined in [10], a vibration mechanical exciter of oscillations of any technological purpose 
is a complex electromechanical system, the main driving element of which is a shaft with 
unbalances fixed on it (which can be one, two or more). When the unbalance shaft rotates, each 
of its unbalances generates an excitation force Фሬሬሬ⃗ ௜, which by its physical nature is the centrifugal 
force of the inertia of the unbalance. The modulus of this force is: Ф௜ = 𝑚௜ ⋅ 𝑒௜ ⋅ 𝜔ଶ = 𝑆௜ ⋅ 𝜔ଶ,     𝑖 = 1, . . . ,𝑛, (1)

where 𝑚௜, 𝑒௜ and 𝑆௜ = 𝑚௜ ⋅ 𝑒௜ – respectively, mass, eccentricity and static moment about the 𝑖-th 
unbalance rotation axis, 𝜔 – angular rotation speed of the unbalanced shaft, 𝑛 – number of 
unbalances. 

The total action of forces Фሬሬሬ⃗ ௜ (𝑖 = 1, . . . ,𝑛) causes the corresponding movements of the 
unbalance shaft, the body of the vibration exciter and the working body of the technological 
vibration machine. The movement of the working body causes corresponding deformations Δℓ௝ 
of the elastic connections of the vibration machine. These deformations result in non-stationary 



THE MATHEMATICAL MODEL OF THE DYNAMIC ACTION OF A CONTROLLED MECHANICAL EXCITER OF CIRCULAR TRANSLATIONAL VIBRATIONS.  
SERHII ZHYHYLII, OLHA HARKAVA 

38 ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479  

elastic forces 𝐹⃗௘௟௝ in the connections, which, according to Hooke’s law, are determined by the 
corresponding deformations Δℓ௝ (𝑗 = 1, … ,𝑛ଵ). Here, 𝑛ଵ denotes the number of elastic 
connections. 

Thus, the movement of the working body of a vibrating technological machine is determined 
by a system of forces ൛Фሬሬሬ⃗ ௜ሺ𝑖 = 1, . . . ,𝑛ሻ; 𝐹⃗௘௟௝ሺ𝑗 = 1, . . . ,𝑛ଵሻൟ. The magnitudes and directions of the 
forces generated by the system depend on the angular position of the unbalanced shaft. The 
principal parameters governing the nature and magnitude of the vibratory action exerted by the 
technological machine on the processed medium are the angular velocity 𝜔 and the total static 
moment (S) of the unbalance about the rotation axis. Consequently, controlled variation of these 
parameters provides a means of modifying the characteristics and magnitude of the resulting 
vibratory action in accordance with the requirements of a specific technological process. 

3. Basic material and results 

To solve the problem, the design of the controlled mechanical centrifugal unbalance vibration 
exciter (CMCUVE) UVV-6 [11], shown in Fig. 1(a), was adopted as the main element of the 
created vibration exciter. 

A fixed unbalance 2 and two movable unbalances 3 and 4 are rigidly fixed on the unbalance 
shaft 1. All three unbalances have the same frontal shape. The thickness of the fixed unbalance is 
twice the thickness of the movable one, due to which the unbalances have the same eccentricity 𝑒, and their masses are 𝑚ଶ = 𝑚, 𝑚ଷ = 𝑚ସ = ௠ଶ .  

Each movable unbalanced mass is connected to the shaft 1 by means of two ball keys 5, which 
are diametrically opposite to each other, as shown in Fig. 1(b). Each ball is accommodated in a 
hemispherical seat in the hub of the movable unbalanced mass and in a groove 6 having a 
corresponding semicircular cross-section. All four grooves 6 are machined on the lateral surface 
of the shaft 1 at a constant angle 𝛾 to the shaft generatrix, thereby forming a helical line on the 
shaft surface. The sliding fit of both movable unbalanced masses on the shaft 1, with the required 
clearance, allows them to move axially along the shaft. Their axial movements are rigidly 
synchronized by means of the lead screw of the control mechanism, which is not shown in Fig. 1. 
Rotation is transmitted to the shaft 1 from the drive electric motor through a belt drive, which is 
also not shown in Fig. 1. 

 
a) General view 

 
b) Moving unbalance 

Fig. 1. Kinematic scheme of CMCUVE UVV-6: 1 – unbalance shaft; 2 – fixed unbalance;  
3, 4 – movable unbalances; 5 – ball key; 6 – groove 

When the unbalanced shaft rotates, each of the unbalances generates a corresponding 
centrifugal force of inertia: Фଶ = 𝑚ଶ𝑒𝜔ଶ = 𝑚𝑒𝜔ଶ, Фଷ = 𝑚ଷ𝑒𝜔ଶ = 𝑚2 𝑒𝜔ଶ = Фଶ2 , Фସ = 𝑚ସ𝑒𝜔ଶ = 𝑚2 𝑒𝜔ଶ = Фଶ2 . (2)
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At start-up, both movable unbalanced masses are located at their initial positions 3″ and 4″, 
diametrically opposite to the fixed unbalanced mass 2, thereby ensuring the dynamic balance of 
the UVV-6 vibration exciter. In this configuration, the forces Фሬሬሬ⃗ ଶ, Фሬሬሬ⃗ ଷ and Фሬሬሬ⃗ ସ are collinear, while 
the forces Фሬሬሬ⃗ ଷ and Фሬሬሬ⃗ ସ act in directions opposite to that of the force Фሬሬሬ⃗ ଶ. As a result, the resultant 
vector of the inertial forces is: 

Фሬሬሬ⃗ = Фሬሬሬ⃗ ଶ − Фሬሬሬ⃗ ଷ − Фሬሬሬ⃗ ସ = Фሬሬሬ⃗ ଶ − Фሬሬሬ⃗ ଶ2 −Фሬሬሬ⃗ ଶ2 = 0. (3)

After the drive motor reaches its operating angular speed, the unbalanced masses 3 and 4 are 
actuated by the control mechanism. Since the helical grooves 6 on the left- and right-hand sections 
of the shaft 1 have opposite directions of helix, simultaneous displacement of the movable 
unbalanced masses in opposite directions from their initial positions 3″ and 4″ causes them to 
rotate synchronously in the same direction relative to these positions. 

The dynamic action generated by the CMCUVE UVV-6 at the instant when the movable 
unbalanced masses have rotated through an angle 𝜃 from their initial positions 3″ and 4″, while 
being located at a distance ℓ from the fixed unbalanced mass at positions 3′ and 4′, respectively, 
is determined. For this purpose, the force diagram shown in Fig. 2 is considered. 

Resolving the forces Фሬሬሬ⃗ ଷ and Фሬሬሬ⃗ ସ into their orthogonal components, as shown in Fig. 2(a), yields 
a new system of five forces that is equivalent to the original force system ൛Фሬሬሬ⃗ ଶ;Фሬሬሬ⃗ ଷ;Фሬሬሬ⃗ ସൟ. Since, for 
any position of the unbalanced shaft 1, the forces Фሬሬሬ⃗ ଶ, Фሬሬሬ⃗ ଷ cos𝜃 and Фሬሬሬ⃗ ସ cos𝜃 are collinear, while 
the forces Фሬሬሬ⃗ ଷ cos𝜃 and Фሬሬሬ⃗ ସ cos𝜃 always act in directions opposite to that of the force Фሬሬሬ⃗ ଶ, the 
magnitude of the resultant of these three forces is: 

Фᇱ = Фଶ −Фଷ cos𝜃 − Фସ cos𝜃 = Фଶ − Фଶ2 cos𝜃 − Фଶ2 cos𝜃 = 𝑚𝑒𝜔ଶሺ1 − cos𝜃ሻ. (4)

 

 
a) 

 
b) 

Fig. 2. Power scheme of CMCUVE UVV-6 

The other two forces Фሬሬሬ⃗ ଷ sin𝜃 and Фሬሬሬ⃗ ସ sin𝜃 are also collinear and have the same direction, so 
their resultant is: 

Фᇳ = Фଷ sin𝜃 + Фସ sin𝜃 = Фଶ2 sin𝜃 + Фଶ2 sin𝜃 = 𝑚𝑒𝜔ଶ sin𝜃. (5)

Since at any moment of time the forces Фሬሬሬ⃗ ᇱ and Фሬሬሬ⃗ ᇳ are located at right angles to each other 
(Fig. 2(b)), their resultant is determined by the Pythagorean theorem: 
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Ф = ඥሺФᇱሻଶ + ሺФᇳሻଶ = ඥሾ𝑚𝑒𝜔ଶሺ1 − cos𝜃ሻሿଶ + ሺ𝑚𝑒𝜔ଶ sin𝜃ሻଶ, (6)

and after simple mathematical transformations it takes the form: 

Ф = 2𝑚𝑒𝜔ଶ sin𝜃2. (7)

Thus, the UVV-6 vibration exciter generates an excitation force whose magnitude is 
determined by Eq. (7). 

The design of the investigated controlled mechanical exciter of circular translational vibrations 
comprises two UVV-6 vibration exciters mounted in a housing 5, as shown in Fig. 3. 

 
Fig. 3. Unbalanced exciter of circular translational vibrations: 1 – unbalance shaft;  

2 – fixed unbalance; 3, 4 – movable unbalances; 5 – housing 

Analyzing the calculation scheme shown in Fig. 4, it can readily be established that the 
projection of the excitation force generated by the considered vibration exciter onto the 𝑧-axis is 
zero, whereas its projections onto the 𝑥- and 𝑦-axes are given by the following expressions: Фх = 2𝑚𝑒𝜔ଶ cos𝜑 ⋅ sin𝜃, (8)Ф௬ = 4𝑚𝑒𝜔ଶ cos𝜑 ⋅ sinଶ 𝜃2, (9)

where 𝜑 is the angle defining the position of the fixed unbalanced mass 2, measured from its initial 
position, and 𝜑ሶ = ௗఝௗ௧ = 𝜔 is the angular velocity of each of the shafts 1 under operating 
conditions. 

The obtained expressions show that, depending on the rotation angle 𝜃 of the movable 
unbalanced masses, the horizontal component Ф௫ of the excitation force varies according to the 
law 𝑓ଵ = sin𝜃, whereas the vertical component Ф௬ varies according to the law 𝑓ଶ = sinଶ ఏଶ. It 
follows that, at 𝜃 = గଶ (when sin𝜃 = 1), the component Ф௫ reaches its maximum value, while the 
component Ф௬ is equal to one-half of its maximum value at this instant. When 𝜃 = 𝜋, the vertical 
component Ф௬ reaches its maximum value, whereas the horizontal component Ф௫ is equal to zero. 

A distinctive feature of this design is that, despite the absence of a resultant moment 𝑀о on 
each of the shafts 1 and 2, a moment about the 𝑧-axis of the vibration exciter is generated by the 
resultant vectors of the inertial forces: 
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𝑀௭ = 𝑎𝑚𝑒𝜔ଶ sin𝜑 ⋅ sin𝜃, (10)

which causes the working member of the machine to oscillate about the specified axis with a phase 
lag of 𝜋 2⁄  relative to the phases of Ф௫ and Ф௬. 

 
Fig. 4. Design diagram of the exciter of directed circular vibrations 

An important condition for the design of such a vibration exciter is to ensure fixed (rigid) 
synchronization of the rotation of the unbalanced shafts 1 and 2, with equal angular velocities and 
identical phases of deviation of the fixed unbalanced masses from the lower vertical position. Such 
synchronization can be achieved, for example, by means of spur gears. 

4. Conclusions 

The obtained Eqs. (2-4) constitute a mathematical model of the dynamic action of the 
controlled mechanical exciter of circular translational vibrations. A straightforward mechanical 
and mathematical analysis of these equations leads to the following conclusion: the resultant 
dynamic action of the considered vibration exciter causes the material elements of the processed 
medium to move within parallel planes perpendicular to the 𝑧-axis, which are schematically 
designated as 𝜉 in Fig. 3. Depending on the values assigned to the parameters 𝜃 and/or 𝜔, the 
material elements of the processed medium move within these planes along circular or elliptical 
trajectories. This property of the vibration exciter makes it possible to modify its dynamic action 
when required, thereby meeting specific technological requirements. 
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