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Abstract. Selecting resonance parameters alone does not establish an efficient operating regime 
for a vibration-driven robot. This numerical study formulates the joint optimization of mean 
transport speed and combined root-mean-square drive torque for two sliding modules with 
unbalanced rotors. A hybrid dry-friction model includes normal-load modulation and inverse rotor 
torques. Analytical contact-capacity and torque bounds constrain six dimensionless design 
variables. A reproducible search is checked using an independent event-driven solver. For an 
illustrative 0.55 kg system, a 9 mN m torque-budget design increases mean speed from 0.0641 to 
0.1336 m/s while reducing RMS torque by 14.3 %. The highest-speed design found reaches 
0.4078 m/s at 30.95 mN m. The results distinguish contact admissibility, resonance tuning and 
drive loading; all reported gains concern the stated numerical model and parameter bounds. 
Keywords: resonance, operating regime, vibration-driven locomotion, unbalanced rotor, dry 
friction, drive torque, parameter optimization. 

1. Introduction 

Vibration-driven locomotion converts periodic internal motion into displacement through 
interaction with the supporting surface. For two spring-connected modules with unbalanced rotors, 
Zimmermann et al. [1] established the influence of excitation phase and resonance detuning on 
velocity under small dry friction. Stiffness selection and phase adjustment were subsequently 
studied in a two-mass system [2], while numerical and multibody simulations examined a wheeled 
configuration [3]. 

Related implementations include a wheeled robot with a crank-slider vibro-impact mechanism, 
for which impact-gap selection was investigated to increase average speed [4], and an in-pipe 
robot combining an unbalanced rotor with overrunning clutches [5]. These studies demonstrate 
how excitation parameters and directional constraints influence vibration-driven transport. 

Multi-objective optimization is established in this field. Diao et al. [6] optimized average and 
backward velocities, whereas Xue et al. [7] considered the velocity-nergy compromise. Sliding 
bifurcations complicate dry-friction dynamics [8]. Complementary approaches include optimal 
control of multi-module robots [9] and phase coordination for maximum steady-state speed with 
linear or nonlinear connections [10]. Amiri et al. [11] investigated parameter optimization and 
motion control of two spring-connected blocks excited by one unbalanced rotor, considering 
average velocity and energy consumption. More recent optimal-control formulations include 
general actuation histories [12]. 

Du et al. [13] experimentally classified stick-slip locomotion regimes, supporting explicit 
treatment of frictional switching. Chen and Xu [14] demonstrated two-module locomotion using 
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a passive position limiter and controlled internal masses, while Zhao et al. [15] exploited bistable 
intermodule coupling to improve locomotion. For a vibro-impact capsule, Liu et al. [16] found 
that the fastest and most energy-efficient operating settings differ. Liu’s recent review [17] 
emphasizes contact laws, switching sequences and attractor structure in performance assessment. 
These studies motivate joint evaluation of excitation, coupling and contact dynamics; the present 
formulation specifically targets the speed–RMS-drive-torque compromise for constant-speed 
unbalanced rotors. 

The contribution of this study is a joint mechanical and excitation design formulation for two 
constant-speed unbalanced rotors, with mean speed and combined RMS drive torque as competing 
objectives. Inverse rotational dynamics links locomotion to drive loading, while normal-load 
modulation, sticking and a prescribed contact reserve define admissibility. Six dimensionless 
variables describe mass and unbalance allocation, excitation intensity, frequency tuning, damping 
and phase. Contact-capacity and energy-based torque bounds provide independent consistency 
checks. The resulting numerical improvements are conditional on the stated model and parameter 
bounds. 

2. Mathematical model and analytical bounds 

Two modules slide on a horizontal plane (Fig. 1). Vertical translation and pitch are suppressed; 
contact is admissible only while both normal reactions remain positive. Each total module mass 𝑀௜ includes an eccentric mass 𝑚௘௜ with radius 𝑟௜ and static moment 𝑠௜ = 𝑚௘௜𝑟௜. The spring 
deformation is 𝑞 = 𝑥ଶ − 𝑥ଵ − 𝐿଴, and 𝑏 denotes viscous damping. Both rotors turn 
counterclockwise at the prescribed speed 𝜔, with 𝜑ଵ = 𝜔𝑡 and 𝜑ଶ = 𝜔𝑡 + 𝛿. The horizontal 
equations are: 𝑀ଵ𝑥ሷଵ = 𝑘𝑞 + 𝑏𝑞ሶ + 𝑠ଵ𝜔ଶcos𝜑ଵ + 𝑓ଵ, 𝑀ଶ𝑥ሷଶ = −𝑘𝑞 − 𝑏𝑞ሶ + 𝑠ଶ𝜔ଶcos𝜑ଶ + 𝑓ଶ. (1)

 
Fig. 1. Translationally constrained modules with vertical-plane rotors and spring-damper coupling 

The reaction and sliding-friction law are given by Eq. (2). At zero velocity the module sticks 
with 𝑓௜ = −𝐻௜ while |𝐻௜| ≤ 𝜇௦𝑁௜, where 𝐻௜ is the right-hand side of Eq. (1) excluding friction. 
Otherwise, it starts sliding in the direction of 𝐻௜. Static friction therefore cannot be represented by 
simply setting the sign function to zero. Therefore, we obtain: 𝑁௜ = 𝑀௜𝑔 − 𝑠௜𝜔ଶsin𝜑௜ ,  𝑓௜ = −𝜇௞𝑁௜sgn(𝑥ሶ௜) (𝑥ሶ௜ ≠ 0). (2)

For an eccentric position (𝑥௜ + 𝑟௜cos𝜑௜ ,ℎ௜ + 𝑟௜sin𝜑௜), where ℎ௜ is the constant height of rotor 
axis 𝐴௜ above the supporting plane, inverse rotational dynamics gives Eq. (3). Bearing and 
electrical losses are excluded here. The acceleration term 𝐽௜𝜑ሷ ௜ vanishes at imposed constant speed; 
independent rotor polar inertia is consequently not an effective steady-state design variable: 
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𝜏௜ = 𝐽௜𝜑ሷ ௜ − 𝑠௜𝑥ሷ௜sin𝜑௜ + 𝑠௜𝑔cos𝜑௜ = −𝑠௜𝑥ሷ௜sin𝜑௜ + 𝑠௜𝑔cos𝜑௜. (3)

A momentum check distinguishes transport from initialization drift. With 𝑀 = 𝑀ଵ + 𝑀ଶ and 𝑋 = (𝑀ଵ𝑥ଵ + 𝑀ଶ𝑥ଶ)/𝑀, the complete-system centre of mass is 𝑋ீ = 𝑋 + (𝑠ଵcos𝜑ଵ + 𝑠ଶcos𝜑ଶ)/𝑀. Thus: 

𝑃 = 𝑀𝑋ሶ − 𝜔෍𝑠௜sin𝜑௜ଶ
௜ୀଵ ,  𝑃ሶ = 𝑓ଵ + 𝑓ଶ. (4)

In the frictionless limit 𝑃 is constant and cycle-mean motion is 𝑃/𝑀, independent of stiffness 
and damping. In particular, initializing stationary platforms with already-spinning rotors generally 
assigns a nonzero 𝑃. The present optimization instead evaluates converged frictional motion. 
Useful travel is defined along negative 𝑥, so its mean speed is 𝑈 = −⟨𝑋ሶ ⟩. 

Two analytical results restrict the design. Define 𝑆 = 𝑠ଵ + 𝑠ଶ, 𝛼 = 𝑀ଵ/𝑀, 𝛽 = 𝑠ଵ/𝑆 and  Γ = 𝑆𝜔ଶ/(𝑀𝑔). A contact reserve 𝑁௜ ≥ 𝜀𝑀௜𝑔 gives: 

Γ ≤ (1 − 𝜀) ∙ min ൬𝛼𝛽 , 1 − 𝛼1 − 𝛽൰ ≤ 1 − 𝜀. (5)

The largest contact-limited frequency is attained when 𝛼 = 𝛽, with equal specific unbalance 𝑠ଵ/𝑀ଵ = 𝑠ଶ/𝑀ଶ. This condition optimizes contact capacity; transport speed also depends on 
frictional dynamics. For a periodic sliding regime, spring and kinetic energies return to their initial 
values. With angle brackets denoting cycle averaging, define the combined drive demand and 
obtain: 

𝑇ோெௌ = ට⟨𝜏ଵଶ + 𝜏ଶଶ⟩,  𝑃 = 𝜔⟨𝜏ଵ + 𝜏ଶ⟩ = 𝑏⟨𝑞ሶ  ଶ⟩ + 𝜇௞෍⟨ଶ
௜ୀଵ 𝑁௜|𝑥ሶ௜|⟩. (6)

Cauchy–Schwarz gives 𝑃 ≤ √2𝜔𝑇RMS. Since periodic 𝑞 implies equal mean module velocities 
and ⟨|𝑥ሶ௜|⟩ ≥ 𝑈 for 𝑈 > 0, a necessary lower bound follows: 

𝑇ோெௌ ≥ 𝑏⟨𝑞ሶ  ଶ⟩ + 𝜇௞(𝑀𝑔 − 𝑆𝜔ଶ)𝑈√2𝜔 . (7)

Equality is not asserted: velocity reversals and oscillating torques generally make this bound 
conservative. It nevertheless provides a mechanical consistency check independent of the 
optimizer. 

3. Optimization formulation and numerical procedure 

The remaining variables describe frequency tuning and damping. With reduced mass  𝑚௥ = 𝑀ଵ𝑀ଶ/𝑀, let Ω = 𝜔/ඥ𝑘/𝑚௥ and 𝜁 = 𝑏/൫2ඥ𝑘𝑚௥൯. The six-dimensional design vector and 
dimensional reconstruction are: 

𝐩 = (𝛼,𝛽, Γ,Ω, 𝜁, 𝛿), 𝜔 = ඨΓ𝑀𝑔𝑆 , 𝑘 = 𝑚௥𝜔ଶΩଶ , 𝑏 = 2𝜁𝑚௥𝜔Ω . (8)

The illustrative study fixes 𝑀 = 0.55 kg, 𝑆 = 1.5×10-3 kg·m, 𝑟ଵ = 𝑟ଶ = 0.03 m and  𝑔 = 9.81 m/s2. Thus 𝑚௘௜ = 𝑠௜/𝑟௜ and each remaining body mass is 𝑀௜ − 𝑚௘௜ > 0. The assumed, 
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unmeasured friction coefficients are 𝜇௦ = 0.35 and 𝜇௞ = 0.30. The search bounds are: 0.30 ≤ 𝛼,      𝛽 ≤ 0.70, 0.25 ≤ Γ ≤ 0.80, 0.60 ≤ Ω ≤ 1.40, 0.03 ≤ 𝜁 ≤ 0.30, 0 ≤ 𝛿 < 2𝜋. (9)

Admissible designs satisfy Eq. (5) with 𝜀 = 0.10, max|𝑞| ≤ 0.04 m and max|𝜏௜| ≤ 0.08 N·m 
for each drive. These stroke and torque limits are design assumptions, not ratings of a tested 
prototype. The objectives are max 𝑈 and min 𝑇ோெௌ; with 𝐷 denoting the admissible set, a torque-
budget formulation is: max𝐩𝑈(𝐩),  𝑇ோெௌ(𝐩) ≤ 𝑇௟௜௠,  𝐩 ∈ 𝐷. (10)

A 2048-point Sobol sample initialized the search. Differential evolution (72 individuals, up to 
160 generations, two seeds) then maximized speed without an RMS cap and under eleven budgets 
from 7 to 30 mN∙m. Feasible nondominated candidates form an approximate Pareto set. The 
screening solver uses explicit stick-slip transitions and fixed time steps. Finalists were refined to 
8192 steps per revolution and independently recomputed with event-driven integration  
(𝑟௧௢௟ = 2×10-9, 𝑎௧௢௟ = 2×10-11). The final averages use 20 cycles after 200 transient cycles. The 
supplementary archive specifies the search seeds, solver settings and full-precision parameters. 

4. Results and discussion 

Fig. 2 shows the computed trade-off and a frequency–phase section of the design space. The 
reference B uses equal masses and unbalances, Γ = 0.60, Ω = 0.96, 𝜁 = 0.08 and antiphase 
excitation. It is a contact-admissible resonance-oriented comparator, rather than the contact-
incompatible 25 Hz example of [2]. C is a selected 9 mN·m torque-budget solution; 𝐹 is the 
highest-speed design found. Their parameters and event-solver results are listed in Table 1. 

 
a) Feasible samples and approximate Pareto set 

 
b) Speed section at 𝛼 = 𝛽 = 0.5, Γ = 0.8, 𝜁 = 0.03 

Fig. 2. Computed trade-off and a frequency-phase section of the design space  
(Gray areas violate the adopted constraints) 

Compared with B, C increases speed by 108.25 % and reduces combined RMS torque by 
14.34 %. The optimum found for this budget is nearly mass-balanced and antiphase, but its 
frequency ratio is 0.794 rather than 0.96. The joint retuning raises stiffness to 628.3 N/m and 
lowers damping; maximum spring deformation decreases from 11.53 to 8.57 mm. Fig. 3 compares 
the velocity and drive-torque waveforms. The available improvement therefore involves changing 
excitation intensity, tuning and damping together. 𝐹 reaches 𝑈 = 0.407812 m/s, with 𝑇ோெௌ = 30.9466 mN·m and 35.96 mm maximum 
deformation. Its frequency ratio returns close to resonance, while modestly unequal mass and 
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unbalance allocations exploits the normal-load modulation. The second module approaches the 
10 % contact reserve, whereas the 80 mN∙m peak limit remains inactive. Both C and F lie near the 
upper excitation bound and lower damping bound; these are conditional design recommendations, 
not universal optima or evidence that zero damping is desirable. 

Table 1. Design parameters and steady-state numerical performance 
Quantity Reference B Compromise C Fastest found F 𝛼 0.50000 0.50077 0.52821 𝛽 0.50000 0.49968 0.46926 𝛤 0.60000 0.80000 0.80000 𝛺 0.96000 0.79355 0.96779 𝜁 0.08000 0.03003 0.03000 𝛿 (degrees) 180.000 179.500 180.598 𝜔 (rad/s) 46.4564 53.6431 53.6433 𝑘 (N/m) 321.997 628.318 421.103 𝑏 (N∙s/m) 1.06463 0.55822 0.45583 𝑈 (m/s) 0.064136 0.133563 0.407812 𝑇ோெௌ (mN∙m) 10.5014 8.9950 30.9466 

Peak drive torque (mN∙m) 11.965 11.420 42.590 
Maximum deformation (mm) 11.529 8.572 35.961 

Minimum contact reserve 0.4000 0.1983 0.1000 𝐸ା/𝑑 (J/m) 8.314 3.032 4.535 
 

 
a) Useful instantaneous velocity −𝑋ሶ  for B, C and F 

 
b) Signed moments of both drives for B and C 

Fig. 3. Results of numerical modeling for two steady cycles (𝑇 = 2𝜋/𝜔) 

For an ideal drive receiving no energy credit during braking, define 𝐸ା/𝑑 = ⟨max(𝜏ଵ𝜔, 0) +
max(𝜏ଶ𝜔, 0)⟩/𝑈. This mechanical supply metric decreases from 8.314 J/m in B to 3.032 J/m in C 
(63.53 %), but rises to 4.535 J/m in F. Thus, the speed-maximizing design is not the most 
economical of the three; electrical efficiency and bearing losses would be additional contributions. 

Independent integration changes the tabulated mean speeds by less than 0.00002 % and 
combined RMS torques by less than 0.006 % relative to the 8192-step solver. The event-driven 
mean-power balance closes within 4×10-6 relative error. For each design, the velocities, spring 
deformation and drive torques repeat after one rotor revolution, and seven tested initial states 
converge to the same respective cycle. The analytical torque bounds are satisfied. Scaling both 
friction coefficients by ±10 % changes C speed to 0.1318-0.1353 m/s; however, its upper-friction 
RMS moment becomes approximately 9.019 mN∙m. Hence, nominal feasibility at 9 mN∙m is not 
a robust torque guarantee. 

The study excludes lift-off, pitch, guide friction, rotor speed ripple and actuator saturation. The 
illustrative friction coefficients require identification for a prototype. Near-contact operation and 
the lower damping bound warrant experimental assessment. The plotted Pareto set represents the 
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search performed, not a proof of global optimality. 

5. Conclusions 

A constrained framework has been developed for selecting mass distribution, unbalance 
allocation, stiffness, damping and excitation parameters. Proportional allocation of module masses 
and unbalance static moments maximizes contact-limited excitation capacity. The energy balance 
supplies a necessary lower bound on combined RMS drive torque. These bounds constrain 
admissible designs but do not independently determine maximum locomotion speed. 

In the numerical example, the selected design achieves 0.1336 m/s with a combined RMS 
torque of approximately 9 mN∙m. Relative to the feasible reference, speed increases by 108.25 %, 
RMS torque decreases by 14.34 %, and positive mechanical input energy per travelled distance 
decreases by 63.53 %. The highest-speed solution found reaches 0.4078 m/s but requires 
substantially greater torque and relative stroke. 

The results support joint selection of excitation frequency, phase difference and mechanical 
parameters under explicit contact and actuator constraints. At fixed module masses and unbalance 
static moments, rotor polar inertia does not independently affect inverse torque under prescribed 
constant speed; its direct contribution arises with angular acceleration. The numerical conclusions 
apply to the specified parameter bounds and assumed friction coefficients. Experimental friction 
identification and validation of drive losses and contact conditions remain necessary. 
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